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PREFACE

The Conference on Coastal Englneering at Long Beach was conceived originally
as a local meeting of englineers and sclentists interested in shoreline problems
and was sponsored by the University of California. It early became evident that
there was widespread interest in the subject and that the program should be planned
on a more ambitious scale. The aim was to ald engineers by summarizing the present
state of the art and science related to the design and planning of coastal works
rather than to present a series of original scientific contributions. Starting
from a rather comprehensive outline, invitations were issued to recognized authori-
tles to report on speciflc phases of the subJect, and the authors cooperated
splendidly both in thelr treatment of the subjects assigned and in thelr avoidance
of overlapping other subjects. Although much remains to be done in the way of de-
velopling reliable design methods, the series of papers presented at the conference
and published in thils volume do represent a rather thorough summary of coastal
engineering as now practlced.

Englineers engaged in the deslgn of coastal works have had avallable to them
a large number of papers dealing with varlous phases of the science related to
thelr problems, but proper dealing with design were limited in number and scope.
Only a few books on coastal engineering have been published. The quality and
scope of the papers and the need for a comprehensive and modern treatment of the
subject convinced the sponsors of the conference that publicatlon in a single
volume was desirable rather than plecemeal in the sclentific and technical jour-
nals. The newly-formed Council on Wave Research secured funds to underwrite the
publication costs from 1its parent organlzation, the Englneering Foundation.

A word about the term "Coastal Englneering" 1s perhaps in order here. It is
not a new or separate branch of engineering and there 1s no implication intended
that a new breed of engineer, and a new society, is 1n the making. Coastal Engi-
neering is primarily a branch of Civil Engineering which leans heavily on the
sclences of oceanography, meteorology, fluld mechanics, electronics, structural
mechanics, and others. However, it 1s also true that the design of coastal works
does involve many criteria which are forelgn to other phases of civil engilneering
and the novices in thils field should proceed with caution. Along the coastlines
of the world, numerous engineering works in various stages of disintegration
testify to the futility and wastefulness of disregarding the tremendous destruc-
tive forces of the sea. PFar worse than the destruction of insubstantial coastal
works has been the damage to adjJacent shorelines caused by structures planned in
ignorance of, and occaslonally in disregard of, the shoreline processes operative
in the area.

The Council on Wave Research takes thls opportunity to thank the authors of
the papers and the many others who assisted in organization of the conference and
in the preparation of this volume for publication.

Morrough P. O'Brlien, Chairman

Council on Wave Research
Engineering Foundation
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SYMBOLS

Area.

Length of semi-major axis
of orbit of water particle.

Subscript "av" refers to
average.

Breakwater gap width.
Also: Width of a channel.

Length of wave crest be-
tween orthogonals, (perpen-
dicular to the local direc-
tion of travel).

Length of semi-minor axis
of orbit of water particle.

Subscript "b" refers to
breaking conditions.

Subscript "B" refers to
bottom conditions.

Wave velocity.

Coefficient of drag.
Group velocity.

Veloclity of wayes of finite
height.

Ingstrument calibration
constant.

Coefficient of mass.

Decay distance.
Also: Diameter.

Depth of water, measured
from the stlll-water level
to the bottom.

Mean total energy of wave
per unit length of crest
per wave.

Mean total energy of wave
per unit area of crest per
wave.

Mean kinetic energy of wave
per unit length of crest
per wave.

Mean potential energy of
wave per unit length of
crest per wave.

K3,

Wave energy coefficient at
the breaker line.

Also: Base of Naperian
logarithms = 2.718

Force.

Also: Length of fetch.

Dynamic force.
Reslstance force.

Function of one or more
variables, as £(x,y).

Acceleratlion of gravity.
Wave helght.

K3 Hp

Helght of the average high-
est one-third of the waves
at the end of the decay dis-

tance for a speclfied period
of time.

Height of the average high-
est one-third of the waves

at the end of the fetch for
a specified period of time.

Beach or breakwater slope.

Also: A/-1.

Distance between two under-
water contours as used in
the orthogonal methods of
wave refraction coefficient
determination.

Roughness coefficient.
Also: A constant.

Sub-surface pressure re-
gsponse coefficient.

= Coefficients.
Refractlion coefficlent.
Diffraction coefficlent.

Wave length (distance be-
tween two successive crests).

Ratio of linear dimensions,
model to prototype.

a length.

Energy coefficient.
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SYMBOLS

Total moment about the
level, z.

Mean Lower Low Water --
a datum.

Mean Sea Level -- a datum.
2 1.
Waves steepness factor.

Ratio of group velocity
to wave velocity.

n_ i

Subscript "o
deep water.

refers to

Power transmitted by a
wave per unlt length of
crest per wave.

Also: probable frequency
of suiltable wave helght.

Unit pressure.
Also: probable frequency
of suitable wind force.

Rate of flow.
Also: 1littoral drift
factor.

Radius of rolling circle
(Gerstner Theory).

Also: Distance between
contours measured along
an orthogonal.

Reading of a wave record-
ing instrument.

Radiusg of tracing circle
(Gerstner Theory).

Subsceript "r" refers to a
scale ratio.

Specific gravity.

LU §

Subscript s
surface terms.

St111 (undisturbed) water
level.

refers to

Wave period.

Average wave perlod at
end of decay.

Average wave period at
end of fetch.

time.

Travel tilme of waves (from
end of fetch to end of de-
cay distance).

Wind duration, interval of
time wind blows at con-

stant veloecity in generat-
Ing waves.

tey

g ara

< <) <

[x11]

Modulus of wave decay due to
viscosity.

Wind veloclty.
Veloclty of mass transport.

Horizontal velocity of motion
left after wave motion has
been destroyed (Gerstner
Theory) .

Water particle (horizontal
component, positlive in the
direction of wave advance)
orbital veloclty.

Velocity, other than wave.
Volume.

Water particle (vertlcal com-
ponent measured positive up-
wards) orbital velocity.

Vold ratio.
Welght.

Unit welght.

Also: total work performed
by all waves of a given
perlod and direction in deep
water Just offshore during a
typical year.

Probable frequency of sult-
able sea condltlion.

Horizontal coordinate (arbi-
trary origin), positive in
direction of wave advance.

Probable frequency of unsult-
able swell conditions.

Vertical coordinate (arbi-
trary origin), positive when
measured upwards.

Surface elevation in diffrac-
tion theory.

Depth below still-water level
for the 1rrotational theories,
or the depth below the mean
position of the surface orbit
for the trochoidal theory.

Angle of wave crest to bottom
contours.

Also: Angle of wave approach,
measured between the shore-
line and the line of wave ad-
vance.

Angular position of the water
particle when the maximum
horlzontal force or moment
oceurs.
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SYMBOLS

Ratio of unit weights in
model and prototype.

Rock shape factor.
Wave steepness, H/L.

Vertical displacement of
particle from its mean
position.

Angular displacement.

Effective coefficlent of
fraction.

Also: Absolute viscosity.

Kinematic viscosity.

§

SR N

[x111]

Horizontal displacement of
particle from its mean
position.

3.1416.
Density.

Surface tension.

A potentlal function.
Also: an angle.

Azimuth of direction of
wave travel, in the di-
rection of travel.

Angular veloclty.
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CHAPTER 1
ORIGIN AND GENERATION OF WAVES

Walter H. Munk
Institute of Geophysics and Scripps Institution of Oceanography
University of California
La Jolla, California

INTRODUCTION

It is no more possible to speak of the origin of ocean waves than it is to
speak of the origin of sound waves, or of electromagnetic waves. Different types
of waves exist, often simultaneously, and these differ from one another with re-
spect to thelr origin and generation.

A convenient classification can be made on the basls of wave period, i.e., the
time interval between the passage of successive crests at a fixed point. Tenta-
tively we may use the following major divisions (Fig. 1):

Classification Period
Capillary waves less than 0.1 sec.
Ultra-gravity waves from 0.1 sec. to 1 sec.
Ordinary gravity waves from 1 sec. to 30 sec.
Infra-gravlity waves from 30 sec.to 5 min.
Long-period waves from 5 min. to 12 hours
Ordinary tides 12 hours to 24 hours
Trans-tidal waves 24 hours and up

These ranges correspond to bands in the spectrum of electromagnetic waves and al-
together constitute the spectrum of ocean waves.

Wove period

01 See 1Sec 30 Sec 5 M I2Hrs. 24 Hrs
CAPILLARY | ULTRA GRAV ORDINARY GR& | INFRA GRAV LONG PERIOD ORDINARY TRANS -
WAVES WAVES WAVES WAVES WAVES TIDE T/IDAL

WAVES WAVES

WIND WIND & ORD STORMS & SUN  STORMS
GRAV WAVES EARTHQUAKES 8 SUN 8 MOON
MOON

Wave period in seconds

Fig. 1. Tentative classification of ocean waves according to wave period. The

forces responsible for various portions of the spectrum are shown. The relative
amplitude is indicated by the curve.

1*Contribution from the Scripps Institution of Oceanography, New Series No. 531. This work
represents results of research carried out for the 0ffice of Naval Research, Department of the

Navy, and the Beach Eroslon Board, Department of the Army, under contract with the University
of Californaia.



COASTAL ENGINEERING
APPLICATION OF SPECTRUM

Virtually all the energy of the spectrum 1s contained in two of the period
ranges: the ordinary gravity waves, and the ordinary tides. These are the ones
that can be noticed with the naked eye, the ones that have affected mankind since
the dawn of history. In the minds of this group the term "waves" is virtually
synonymous with the ordinary gravity waves, and we shall be concerned chiefly with
them.

However, it 1s not Jjust for academlic reasons that the entire spectrum 1is dis-
cussed. There are some engineering applications that are definitely concerned with
periods other than those of the ordinary gravity waves or the tides. The reason
usually has to do with "resonance." For example, an artificial harbor with a
natural period of oscillation of 2 min. may develop troublesome 2-min. surges, and
these depend largely on infra-gravity waves, even though these waves are only a few
inches high and completely obscured by much higher waves of shorter period. A ship
with a natural roll of 5-sec. period is greatly affected by waves of about 5-sec.
period, but only slightly affected by a li-sec. swell, even though the swell may be
much higher. The effectiveness of RADAR is limited by "sea clutter" due to reflec-
tion and scatter from capillary waves, rather than the higher wind waves. There
are other examples, and they will be covered in the following chapters.

THE STUDY OF THE WAVE SPECTRUM

The sclentific problem is to study the origin of the entire wave spectrum,
and, as a final test of such efforts, to predict it. Once the spectrum is known,
it 1s the problem of the engineer to evaluate its effect on engineering structures,
harbors, and many other things. There has been considerable success in predlicting
tides, and for most practical application these predictions are adequate. There
has been moderate success in predicting wind waves and swell. This subject is dis-
cussed by R. 8. Arthur in Chapter 8. Briefly reviewed below is the little that is
known regarding the fundamentals of wave generation, starting with the waves of
shortest period.

CAPILLARY WAVES

This portion of the spectrum is affected to a larger extent by surface tension
than by gravity. Very roughly we may include waves of periods less than 0.1 sec.
The appropriate wave lengths are shorter than one inch. The veloclity increases
with decreasing period and length, but always exceeds 0.75 ftf. per sec.

These waves are caused by wind, but we know nothing of thelr mode of origin.
They are greatly affected by surface-active agents, such as oils and detergents.
They are rapidly damped by viscous forces, and apparently require winds above 3 ft.
per sec. for their generation. These waves determine largely the optical effects
of the surface. One convenient way of studying them 1s to photograph the glitter
of the sun on the water surface. These caplllary waves are also largely respon-
sible for what might be termed the inherent roughness of the surface. As such they
determine the effectiveness with which the wind can grip the water. This in turn
enters in the study of currents, the piling up of water by on-shore winds (storm
tides), and also in the generation of longer period waves.

ULTRA-GRAVITY AND ORDINARY GRAVITY WAVES

Again we deal with waves which owe thelr existence to the wind. Two mecha-
nisms by which the wind may cause these waves to grow are, (a) an excess in pres-
sure on the windward side of waves compared to the pressure on the leeward side,
(v) tangential drag on the water surface, assuming waves to have a mass transport
according to the irrotational theory. These are the two mechanisms which form the
basis of the forecasting method described in Chapter 8. They are of about equal

2



ORIGIN AND GENERATION OF WAVES

magnitude. There are a number of other possible mechanisms for explaining wave
growth, and some of these are now belng investigated. All these processes already
require the existence of a wave, though possibly one of very small height, in
order for the wind to transfer energy to it and to make i1t grow. However, such a
distinction between "origin" and "growth" does not appear to be of practical im-
portance. It seems safe to assume that the impulses received by the sea surface
as a consequence of the gustiness of the wind assures a steady supply of very low
waves of all length.

The outstanding weakness of present theories concerning the generation of
waves 1s that they do not allow for the variability of the ordinary gravity waves.
The theorles are concerned only with the higher waves present. They say nothing
about the character of the waves twlce the perlod of the higher waves, or half
their period.

Consider a rather severe storm, capable of raising a sea for which the higher
waves are 20 ft. high and have a period of 10 sec. At the same time there will be
present longer waves and shorter waves. The longest waves may have periods up to
25 sec. The height of the 20-sec. waves 1s perhaps only one foot, and to the
naked eye these long waves are obscured by the higher waves present. Owing to the
fact that in deep water the veloclty of the waves 18 proportional to their period,
these long waves will travel ahead of the heavy swell and may reach land several
days prior to the arrival of the highest waves. The practical application of
these "forerunners" of the swell in providing a warning of higher waves to come
(and possibly the storm itself) has been demonstrated in the Atlantic and Pacific.

Measurements of swell, and forerunners of swell, indicate a remarkably slow
attenuation of these waves after they have left the storm area. We are recording
in California waves from violent storms in all parts of the Pacific to which we
are exposed. As a matter of fact, our heavy summer swell has its origin in the
roaring forties of the South Pacific Ocean, 5000 miles and 10 days travel time re-
moved from here. Some allowance for a decrease in wave helght and a shift towards
the longer periods has been made in existing theories. Measurements at Oceanside,
California by the Department of Engineering, University of California, Berkeley,
indicate that the present estimates of period increase in swell are in error
(Wiegel and Kimberley, 1950).

INFRA-GRAVITY WAVES

Instruments especlally adapted for the recording of the long waves have re-
vealed the presence of 2-min. waves that are related to the variability in the in-
comlng ordinary gravity waves. A serles of high breakers temporarily raises the
water level, a serles of low breakers permits the level to fall. This oscillation
(surf-beat) appears to be propagated seaward from the surf zone. Just outside the
surf zone the amplitude of the surf-beat is 10 percent of that of the mean breakers.

These long waves in thelr travel seaward are greatly affected by the bottom
topography over the entire continental shelf. Isaacs, Williams, and Eckart (1951)
have shown that they may even be turned around completely and returned to shore.
Calculations show that in depths of several hundred feet the orbital velocitles
near the bottom associated with the surf beat 1s likely to be larger than the cor-
responding veloclties of the incomlng ordinary gravity waves. A pipe line along
the bottom at such depths would be affected principally by such long-period waves.
Oscillations in bays and harbors (selches) may be the result of surf beat.

LONG-PERIOD WAVES

Fairly well defined waves of 15- to 20-min. periods have also been recorded
at La Jolla and Oceanside, California. The origin of these waves remains obscure,
although a correlation with the meteorologlcal situations is strongly indlcated.
Some of the remarks made in relation to the surf beat apply here also. These waves
are small, hardly more than 2 in. in amplitude.

3



COASTAL ENGINEERING

Waves of somewhat the same perlod, but of much larger height, result from the
sudden displacement of the sea bottom during submarine earthquakes. Popularly
these are known as "tidal waves," but since they have nothing to do with the tides,
we prefer to use the Japanese word "tsunamis." 1In Hilo, Hawall, a tsunami of de-
structive intensity seems to come about once every 20 years. Protectlon against
such tsunamis is certainly the No. 1 problem of coastal engineering in the Hawailan
area. The construction of a 15 ft. sea wall along the waterfront in Hilo 1s now
being seriously considered. Fortunately the coast of Southern California does not
seem to be subject to destructive tsunamis. The largest tsunami waves here that
have come to my attention were recorded in the Mission records of San Diego: 2.5 ft.

ORDINARY TIDES

These are caused by the sun and moon. As a whole, the two contribute about
equally, since the very much larger mass of the sun is Just about compensated for
by its larger distance. Most of the energy goes into the seml-diurnal and diurnal
periods (the "ordinary" tides), and these are of the same order of magnitude along
our coast as the ordinary gravity waves. In most Instances, but not always, the
effect of the wind on waves of ordinary tide period is relatively small, and the
forecast based only on the astronomic factors is satisfactory. It should be added
that the forecasts are largely empirical: only the periods of the components are
computed from astronomical considerations, whereas the amplitude and phase of each
component 1s determined from tide records at or near the locality for which the
forecast is made.

TRANS-TIDAL WAVES

There are varlous components of solar and lunar tides in this range of perlods,
but these tend to be outweighed by the meteorologic factors. The situation is
therefore reversed from what is found in the ordinary tide range.

In the river Thames non-tidal variations in water level of several days dura-
tion have been observed. There seems to be a correlation between such variations
and the passage of storms over the Wyville Thompson ridge in the North Atlantic.

There are also seasonal variations in water level related to the variations
In ocean current, and hence indirectly to the prevailing winds. It 1s not gener-
ally known that along the coast of Southern California the mean sea level in the
summer is 2/3 of a foot above that in the winter.

We could go on, and conslder variations in sea level that have taken place 1in
climatic cycles. For example, the oceans are believed to be rising 1/2 foot per
century.

CONCLUSIONS

Any shore installation is, therefore, under the influence of waves ranging in
periods from milliseconds to years. The underlying causes of these waves are the
winds, directly or indirectly; the sun and moon, and submarine earthquakes. By
far the largest part of the spectrum reflects the action of the wind. The wind is
most effective in raising waves whose periods lie between 5 sec. and 15 sec.

These can be predicted, in a manner. The fact that shorter and longer waves are
of smaller height does not mean that they are of no practical consequence. In 10
to 20 years we may be able to predict the entire spectrum of wind generated waves.

REFERENCES
Isaacs, J.D., Williams, E.A., and Eckart, C. (1951). Total reflection of surface
waves by deep water; Trans. Amer. Geophys. Union, vol. 32, pp. 37-40.
Wiegel, R.L., and Klmberley, H.L. (1950). Southern swell observed at Oceanside,
California; Trans. Amer. Geophys. Union, vol. 31, pp. 717-722.

n



CHAPTER 2
ELEMENTS OF WAVE THEORY

R. L. Wiegel and J. W Johnson
Respectively, Institute of Engineering Research, and Division
of Mechanical Engineering
Unwversity of California
Berkeley, Califormia

INTRODUCTION

The first known mathematical solution for finlite height, perlodic waves of
stable form was developed by Gerstner (1802). From equations that were developed,
Gerstner (1802) arrived at the conclusion that the surface curve was trocholdal in
form. Froude (1862) and Rankine (1863) developed the theory but in the opposite
manner, 1l.e., they started with the assumption of a trochoidal form and then de-
veloped their equations from this curve. The theory was developed for waves in
water of infinite depth with the orbits of the water particles being clrcular, de-
creasing in geometrical progression as the distance below the water surface in-
creased in arithmetical progression. Recent experiments (Wiegel, 1950) have shown
that the surface profile, represented by the trochoidal equations (as well as the
first few terms of Stokes' theory), closely approxlmates the actual profiles for
waves traveling over a horizontal bottom. However the theory necessitates molecu-
lar rotation of the particles, while the manner in which waves are formed by con-
servative forces necessitates 1lrrotational motion.

The first satlsfactory treatment of two dimensional wave motion in water of
arbitrary depth was given by La Place (1776) for waves of small amplitude. Ailry
(1845) developed an irrotational theory for waves traveling over a horizontal
bottom 1n any depth of water. This theory was developed for waves of very small
height. Airy (1845) showed that the velocity of propagation of the wave form was
dependent upon the wave length as well as upon the water depth.

Stokes (1847) presented an approximate solution for waves of finite height
which satisfiled the boundary conditions of waves 1n water of uniform depth and, in
addition, required irrotational motion. The series was to the third approximation
for finite depths, or to the fifth approximation for infinite depths, but there
was no proof of their convergence. The most interesting features of the solution,
apart from the irrotational motion, were, first, the dependency of the wave ve-
locity upon wave height as well as upon wave length and water depth and, second,
the fact that orbital motion of the particles was open rather than closed, indi-
cating a mass transport in the direction of wave travel. Experiments (Mitchim,
1940) have shown both of these findings to be correct.

Levi-Civita (1925) proved that Stokes' series was convergent for "deep-water"
waves and Struik (1926) proved that it was convergent for "shallow-water" waves.

Reynolds (1877) and Rayleigh (1877) worked on the problem of the difference
between the energy transmission velocity of a wave group and the velocity of the
wave form. They concluded that the energy of the group of waves was propagated
with a velocity less than that of the indlvidual waves. In deep water, the
"group" velocity was found to be one-half the wave velocity.

The problem of the maximum steepness (the ratio of the wave height to its
length) that a wave could attaln without breaking was worked on by Stokes (1847),
Michell (1893), and Havelock (1918). Their conclusions were in close agreement.
A crest angle of 120 degrees, or a steepness of H/L = 0.142,* was found to be the
theoretical 1limit.

Recently, many field and laboratory studies, as well as analytical studies,
have been made. These observations, together with the mathematical studies, lead

*See list of symbols.
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to the conclusion that Stokes' irrotational theory represents the natural phenomena
more closely than the other theories.

Waves 1n nature vary considerably in helght and period over a relatively short
length of time at any point of observation. In a generating area, the wave charac-
teristics show the maximum variability; however, even after the waves have passed
into a region of relative calm, considerable variations in wave characteristics
exist. In theoretical problems, such variability cannot be treated mathematically
and certain idealized conditions must be assumed. Accordingly, the first step in
the analysis of oscillatory waves is to study the behavior of single wave trains
of uniform period and amplitude as they progress in water of constant depth.
Present-day wave theory deals with periodic waves of stable form in which all ele-
ments of the wave profile advance with the same veloclty relative to the undis-
turbed water. Complete development of the various analyses of Lamb (1932), Stokes
(1847), Gerstner (1802), and others are not presented herein as they are readily
available in the original references.

WAVES OF SMALL AMPLITUDE
If waves are of small amplitude compared to theilr length and to the depth of
the water, the wave profile closely approximates a sine curve. The equation for
motion (Lamb, 1932), considering both gravity and surface tension, is:
€2 = (gL/2w + 279/pL) tanh 274/L (1)

For water deeper than one-half the wave length, tanh 2rd/1, 1s almost equal to 1 and
the equation reduces to:

2

Co” = gLy/27 + 2T/ L (2)
20 The relative effects on ve-
locity of the gravity and the sur-
24 18— face tension components for deep-
g water waves are presented in Fig. 1.
o | PERCENT DIFFERENGE .13 Experimental data by Chinn (1949)
3 20 v -f » and Kaplan (1950) verifies the
§ ctal9ko | 2TTo 14 3||& equation. It can be seen that for
° oYow 1%k pd 2 §4: any wave over a foot in length, the
i +1!§  effect of surface tension may be
- 16 10 |3|E neglected. In practice, these
E E § small waves are usually called
A //' 8 8= ripples as distinguished from the
Z e \ yd 6 |2 longer waves.
g / =
o 4 o Neglecting the effect of sur-
> / % face tension, the equation for ve-
5 os “V,& N 2y locity of propagation of gravity
= \ Q=:; ] z waves (Airy, 1845; Lamb, 1932)
- 4 0 @
w v at
TR AN n ¢ = (gL/2m) tanh 27d/L (3)
A T NP e .
§ ! ==L % — i and for "deep-water:"
T3 4
w
2 \
0 o = 2m
o o2 o4 0.6 os 1o Co gLo/ (4a)
DEEP WATER WAVE LENGTH, FEET or, in English units:
Fig. 1. Effect of surface tension on deep 002 = 5.12 L, (4b)

water wave velocity in fresh water at TOCF.
Since the relationship between
length, period and velocity of all periodic wave phenomena is defined by:

L =CT (5)
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1t follows that:

L, = gT2/2T (6a)
1"

or, in English units for "deep-water.:

L, = 5.12 T2 {6b)
Actually, there is no abrupt change from "deep" to "shallow" water. The effect of
depth of water on the wave characteristics 1s gradual, and waves in any finite
depth of water are affected by the depth. The depths for which the simplified
equations are no longer applicable depends upon the degree of accuracy desired in
calculations. The custom has developed, for most engineering studies, to call
water which is deeper than one-half the wave length "deep-water" and water which
1s less than half the wave length "shallow water."

At the other extreme, "very shallow water," tanh 2wd/L approaches the value
of 27d/L and equation 3 becomes:

c® = gd (7)

the well-known equation for very long low waves This equation also holds for
waves of finlte height. Fig. 2 shows the relationships between wave period, wave
velocity, and depth of water. HFig 3 shows the relationships of wave period, wave
length and depth of water

1 s 10 20 30 50 100 200 0 20 30 s0 s 100 180 200
20 H F) 7 2o 20,
) / / L] Lo 8 I l /
/ // /4/—01 / / / OEPTH, FEET
16 = ® ®
/ =
- i
" ,- // .
g (8 [/ Z 1, /1 -
e ‘ : [/
<] ] BT g et
S |5 / e N BT 2 //‘C
B ol = @7 / A~
g, / RELATIONSHIP BETWEEN WAVE 8s #al
E I / PERIOD, WAVE LENGTH AND [ / / // RELATIONSHIP BETWEEN WAVE
a g 4 WATER DEPTH AS GIVEN BY dg PERIOD, WAVE VELOCITY AND
w w WATER DEPTH AS GIVEN BY
S l/// ct .(—)"‘ aann(m") S / /
N T T 3 & (LL)..,.m(m)
AND / 20 C
: Leer ‘ L -A g?
°s 200 400 €00 800 1000 1200 1400 1600 ° 10 20 E’) 40 50 [ 0 80
WAVE LENGTH, FEET WAVE VELOCITY, FEET PER SECOND
Fig. 2 Fig. 3

Surface Profile. The surface curve for waves of small amplitude as given by this
theory is the sinusoidal equation:

y = (H/2) cos 2m(t/L - x/L) (8)

Orbital Motion. The motlion of the individual particle is elliptical (Fig. 4a).

a. SHALLOW WATER WAVE b DEEP WATER WAVE
L=10FT, H=2FT, d=10FT

L =10FT -
H =02FT — L=
b—1
d =10 FT \o-
@l
 WAVE OREST /

_____ y — - ]
.~ 'ﬁ

YO UNDISTURBED \

|

‘r-'\1 WATER SURFAGE

_____

: |
|
!

BOTTOM
Fig. 4
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The horizontal and vertical displacements from 1ts mean position, a distance z
(measured negatively downward) below the still-water surface, are:

£ = 3H :giﬁ §Z§§L+ 2)/L oos o (x/L - t/T) (9a)
n= 3H :igg 2;£§L+ z)/L  sin 2w(x/L - t/T) (9b)

From these equations it can be seen that the semi-orbital amplitudes of the sub-
surface particle's motions are:

a' = 4H cosh2m(d + z)/L (102)
sinh 2nrd/L
b' = &g sinh 2#d + z)/L (10b)
sinh 274/L
with the ratio of the orbital amplitudes (Fig. 5) being:
%%} = tanh 2r(d + z)/L (11)

Recent experiments (Morison, 1948) have verified these equations (Figs. 6
and 7) except that, in addition, there is some mass transport. The full amplitude
of the orbital motion at the surface (2aé and Ebé) may be expressed as:

2ag' = H coth 2md/L (122)

2bg' = H (12pb)

When the equations are converted into thelr exponential form,it is found that as
the water depth approaches infinity:
f
a'—> #He22/L (13a)

b > 3He2mz/L (13b)

However, the horizontal and vertical semi-amplitudes approach these limiting values
at different rates with respect to z (Fig 5). So, although the orbital motion
near the surface becomes nearly cilrcular in shape very rapidly as the depth of
water Increases, the orbital paths become flatter and flatter with increasing dis-
tance below the surface until, at the bottom, the vertical motion is zero and so
the particle moves back and forth with a purely horizontal motion. Only when the
water depth becomes "infinite" are all the particle paths circular. Fig. 8a shows
the vertical amplitude of osclllatlon for various depths and wave lengths, and

Fig. 8b shows the horizontal amplitude of osclllation for various depths and wave
lengths.

By differentiating the horizontal and vertical orbital displacements with re-
spect to time, the horizontal and vertical components of the water particle veloci-
ties occupyling an average position at a distance z below the center of the surface
particle (this neglect of second order quantities appears to be allowable) are
found to be:

_3% . mH cosh 2r(d + z)/L sin 27(x/I - /T 4a
Yz =3¢ T T sinn 2m/L n 2m(x/L - t/T) (14a)
v, c-3: -8 sinh 27(d + z)/L cos 2m(x/L - t/T) (14p)
3t T sinh 27d/L
with the average velocities over one-half their cycle being:
- 2H cosh 2r(d + z)/L
u, Jave. = 1 15a
( z) T sinh 27d/L (15a)
(vz)aye. = + 2H sinh 2w(d + z)/L (15b)

T sinh 27d/L
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and theilr maximum orbital velocities being,

_ 7H cosh 2w(d + z)/L
u . = 16a
(uz)max T sinh 27d/L (162)

_%H sinh 27(d + z)/L 6
(Va)max. = imoma/t (160)

An example of the manner in which the maximum horizontal component of orbital
velocity varies with the period 1s shown in Fig. 9. These values are for a par-
ticle on the ocean bottom.

Energy of Waves. The kinetic energy per unit width (along the crest) for a wave is
the summation of the kinetic energy of the particles in motion. For a wave of
sinusoidal form in deep water, this is given by,

E, = WL H 2/16 (17)

The potential energy per unit width for a wave is computed from the elevation or
depression of the water from the undisturbed level and is given by,

Ep = wLoHo2/16 (18)

It can be seen that half of the energy of a wave is kinetic and half potential.
The total energy is expressed by,

E = wLoHy2/8 (19a)
which, when combined with Equation 6a, gives,

E = wgT°H,2/167 (19p)
Effect of Viscosity. The effect of viscous damping of water waves of small ampli-
tude of sinusoidal form has been studied mathematically by Lamb (1932) for waves
in deep-water and by Hough (1896) for waves in any depth of water (assuming the

bottom to be perfectly smooth). The modulus of decay, ty, (the time necessary for
the wave height to be reduced in the ratio of e : 1) is given by,

t, = L2/872y (20)

It can be seen from Fig. 10 that extremely sh